Lecture Notes
CS131

Part 1

General

1. Two’s complement: x mod 2V

2. Decimal to Binary: keep halving the number, noting
remainders. Take digits from end to start.

3. Division algorithm: a,b € Z,b # 0 — 3 unique ¢, € Z
(quotient, remainder) s.t. a = gb+ 7,0 < r < |b]

4. b € Z divides a € Z if a = ¢b for some ¢q € Z.
5. ged(0,n) =nVn >0
6. Congruence a =b (mod n) if a =b+kn,k € Z

7. Every rational number has a co-prime number with
ged(m,n) =1,n > 1 and inverse (¢- ¢~ = 1)

8. Algebraic number n € R if solution of a polynomial
equation with rational coefficients. Otherwise called
Transcendental

9. U € R is the least upper bound (supremum) of S if
U is an upper bound of S and U < u for every upper
bound u of S.

10. L € R is the greatest lower bound (infimum) of S if L
is a lower bound of S and L > [ for every lower bound
lof S

11. Complex numbers C in form of a+ib,a,b € R,i?> = —1
It holds: a4+ ib = c+id & a = ¢,b = d, separating
into real (a,c) and imaginary (b, d) parts. i isn’t in the
imaginary part! Complex conJugate a+1itb=a—1b
The real part of z € C is & (2-%)

) , imaginary part is ~=—;

12. Polar Coordinates: x + iy = r(cosf + isinf), where
r = \/x2 +y? is the modulus of x + iy, denoted as
|x 4 iy|, representing distance between coordinate and
origin, and tanf = £, called the argument, with prin-
cipal argument satisfying —7w < 0 <7

Theorems and Important

13 Axioms of R

Commutativity x +y =y + =

Associativity x + (y +2) = (v +y) + 2

Distributivity z.(y + 2) = .y + z.2

Additive ident. 30|z +0 = =

Multiplicative id. 31|z.1 = x

id’s 4,5 are unique 1 # 0

Every n # 0 € Z has additive inverse: x 4+ (—x) =0
Every n # 0 € Z has multipl. inverse: z.2~! =1

. Transitivity: z,y ANy <z —>2x <z

10. Trichotomy law: z < yory <z orz =1y

11. Preserv. ordering under add. x <y —zrz+a<y+a
12. Pres. ordering under mult. a > 0Az < y — z.a < y.a
13. Completeness: Every non-empty subset that bounded
above has a least upper bound

“390.\1@9".*’;9"!\31—‘

Properties of the modulus. For any z,w € C:

FE)
2. |z| =2z,

3. 2z =z

4. |zw] = |z[|wl],

5. |z +w| < |z| + |w| (the triangle inequality),
6. [lz] = fwl| <[z = w].

Theorem fz € Q s.t. 22 = 2.
Assume opposite, show that xz = ¢ with ged(a,b) = 1,
then show that a,b even hence contradicting ged = 1

De Moivre’s Theorem For any integer n,
(r(cos@+isinf))"™ = r™(cosnf + isinnd)

The Archimedean Property of the Reals
Given any € € RT there exists n € N such that ne > 1

Fundamental Theorem of Algebra Every polynomial
equation of degree n with complex coefficient has exactly
n solutions in C

Euclidean Algorithm: gcd(m,n): For i =1,2,3..
if r; = 0: output r;_q; if ; # 0, divide r;_1 by 7; and let
ri+1 be the remainder.



Part 2

Vectors

1.
2.

3.

R? = {(x,y)|z,y € R} (Just points in a plane)
a+b= (a1 +b1,az + b2) and Aa = (a1, Aag)

O? = p = (p1,p2) € R? where O-origin, P-(py,p2).
Vector p is called position vector of point P. Two
vectors are equivalent if they have same length and di-
rection. Given A, B have position vectors a,b, then
zﬁ =b—a.

. Length |a| = v/af + a3. Unit vector length is 1. Dis-

tance between a and b = |b — a|. To find unit vector u,
parallel to v, use u = |

<]

. Scalar(dot) Product: a.b = a1by + agby = |a||b| cosb.

Vectors are orthogonal(perpendicular) if their scalar
product is 0 and parallel if 1.

Linear Combinations

1.

If u,v € R?, o, 8 € R, then vector of form au + fv is a
linear combination of u,v. (6,6) =1-(0,3)+3-(2,1).
If u, v non-parallel, then linear combination represents
a diagonal of a parallelogram. Linear combination
with itself is called scaling: 2 - v.

. Span of U = {aju; + ... + anu,,|oa, ...am € R} (set

of all linear combinations of its elements). Span of
{(1,0),(0,1)} = R2. If one of the components is 0 in
both w, v, then any vector with same component being
0 is a linear combination of u,v: (1,0,4),(8,0,5).

. Subspace of R” is non-empty S C R" with

Du,veS su+vesl, 2ucSackR-—oaucs.
Closure under addition and scalar multiplication. Ev-
ery subspace of R™ contains a zero vector. If Nonempty
finite U C R"™, then span of U is subspace of R”, called
subspace spanned (generated) by U.

Linear Independence

1.

Set {ui,..un} < R" is linearly dependent if
Jdaq, ..o, € R not all zero s.t. aquy + ... + au, =0,
linearly independent otherwise. Any set containing 0 is
linearly dependent. Set S is linearly dependent if one
of the vectors is a linear combination of other vectors

inS. ]

. Predecessor Theorem: set u,,...u,, of nonzero vec-

tors is linearly dependent iff some w,. is a linear com-

T

bination of its predecessors u,...u,_;. UNDER-
STAND THE PROOF

Basis and Dimension

1. Let S be subspace of R"™, then a set of vectors is
called a basis if it’s linearly independent and spans S:
{(0,1),(1,0)} is basis for R? moreover, if it’s 1, with
everything else 0 like above, it’s a standard basis.

2. Theorem: Let S be subspace of R”, if set {wu,...,u,,}
spans S then any linearly independent subset of S con-
tains at most m vectors. UNDERSTAND THE
PROOF

3. Dimension of subspace of R” is the number of vec-
tors in a basis for the subspace. Any two bases for a
subspace S have the same number of elements.

4. Let {vy, ...v,,,} be set of nonzero vectors that spans m-
dimentional subspace S of R™. Then removing each
linear combination of its predecessors v; will leave a ba-
sis for S. The basis will have exactly m vectors, any
subset of S with > m vectors is linearly dependent.

Matrix Algebra

1. A matrix A of order m X n is an array of numbers ar-
ranged in m rows and n columns and usually written
as

11 a2 -+ Qi
a21 Q22 - G2n

é = . . . . or A= [aij]an-
aml DR ... amn

2. Column matrix: m X 1, row matrix or row vector:
1 x n. Zero matrix O, - all elements are 0. Neg-
ative of A is matrix —A = [—aij];xn. Square ma-
trix: m = n. Diagonal matrix diag[aii, ..., any): only
elements aiq,...an, are non-zero. Identity matrix is
square diagonal matrix with 1’s as entries.

3. A+ B = [ajj + bij]mxn, only defined for same order
matrices. Scalar multiplication AA = [A@;j]mxn. Noth-
ing special in properties of these operations.

4. Multiplication A = [aij]zxy, B = [bijlyx2-AB = [Cij]zxb
Multiply rows of left matrix by columns of the

right one. Matrix multiplication isn’t commutative:
AB # BA

5. Properties of matrix multiplication/addition:
1. IA=A=AI 2 OA=0=A0
3. ATAY = AYA* 4. A+ (-A)=0



Matrix Determinants and Inverse

1.

. The Determinant of 2 x 2 matrix A =

. 3 x 3 determinant

Transpose A’ is matrix A with swapped rows and
columns, so ([aij]mxn)T = [ajilnxm- Properties:

L (AT =A 2. (A+B)T = AT + BT

3. M) = AT 4. (AB)T = BT AT

. Inverse: If A, B are square, have same order, then an

inverse of A, denoted A~ is B if AB =1 = BA. An
inverse is unique. A~!' =B — B! = A.

Z is de-
fined to be (ad — be) and is denoted by det(A) or |A.

A 2 x 2 matrix A is invertible iff its determinant is
nonzero. |A| = |AT|,|AB| = |A||B|.

. System of linear equations can be written as

|:CL11 (112:| |:.T1:| . |:b1:| _ a11x1 + ajar2 = by
az1 a2 | |x2 ba| | agizi + axrs = by
Can (1) interchange two rows; (2) multiply a row by

a nonzero number; (3) add a multiple of one row_to
ain a2 | by

another in the augmented matrix .
| a1 az | bo

. Matrices A ~ B are row equivalent if A can be trans-

formed into B using finite number of elementary row

(21 2 T3
operations. Row echelon form: 0 x4 a:g,].
Elementary matrix E is obtained L0 0 6

from I by applying basic row operations, and is used
for matrix transformations. (1)FE;;(—u)E;;j(pn) =1,
(2)E;;Ej; = I; and (3)E;(3)E;(\) = I, all of which are
commutative.

all a1 a13
oo
by det of 4 numbers excluded by same row and column:
az2 Q23 az1 Q23 a1 a2
asz2 ass asi aszy as2
Remember about alternating checkerboard signs!

: choose a row, mutliply

a1l — a12 + a3

. If A = [a;j] is n x n matrix then i minor M;; of

A is determinant of (n — 1) x (n — 1) matrix obtained
by deleting i row and j* column from A. The ij*"
cofactor A;; = (—1)"™/M,; (minor with alternating
signs). Determinants are recursive with base case 1 x 1.

. If matrix B obtained from A: (1) multipy a row of A

by number A — |B| = A|A|, (2) Interchange two rows
of A — |B| = —|A|, (3) Add a multiple of one row of
A to another — |B| = |A].

. Adjoint matrix is the transpose of a matrix of cofac-

tors of A. If |A| # 0 then it’s invertible, and the matrix
inverse A~! = |7}|adj(A)

10. Set of n vectors in R™ is linearly independent (there-

fore a basis) iff it is the set of column vectors of a
matrix with nonzero determinant.

. For Apxn, if VYAV = D =diag(\y, ..

Linear Transformations

1. Function T : R™ — R" is a linear transformation

if Vu,v € R A € R: T(u+v) = T(u) + T(v) and
T(Au) = AT'(u) (preservation under addition and scalar
mutliplication)

LT 2 R™ — R™ is a linear transofrmation, then

T(0) = 0. In the exam, try to substitute 0, and check
whether the output is also 0 when determining whether
it’s a linear transformation.

. Let u € R? be nonzero vector, if z € R?, projection of

z onto w is vector P,(z) with: (1) P,(x) is a multiple of
w and (2) z — P,(x) is perpendicular to u. Projection
is a linear transformation, and so is rotation of a point
an angle about the origin.

. Let M be n x m matrix, then function 7' : R™ — R"

defined by T'(z) = Mz for every x € R™ is a linear
transformation. (Every Matrix Defines a Linear Trans-
formation)

. Let V = {v;,...,v,} be basis for R”. If x € R" then

z = a1v; + ... + any,, which is a unique expansion,
denoting coordinates of x with respect to basis V.
Identity transformation I(z) = z for all x € R™

. Matrix of linear transformation: for basis V, W, find

the image of T : V. — W, as a linear combination of
vectors in W, and put the coefficients as columns in the
resulting in a transition matrix A. When changing
the basis, of u from V to W, multiply matrix A by
coordinates of u with respect to V, and the result will
be the coordinates of u with respect to W.

. Let square matrix A,x, and r a non-zero column vec-

tor. Ar = Ar, where A € R is called Eigenvalue and r
is an Eigenvector. (When pre-multiplied by A, vector
r doesn’t change direction). A number A is an eigen-
value of the matrix A iff |A — M| = 0 (characteristic
equation) of A, and is a polynomial of degree n. Eigen-
values may be complex.

An), for Visn
with columns [vy, ..., v, ], then those v, are eigenvectors
of A and )\; are corresponding eigenvalues.

To find P,D: solve characteristic equation, find eigen-
values, express vectors as variable times a vector of
coefficients, those coefficients will become columns in
P, and D is a diagonal matrix of those eigenvalues.



Part 3

Sequences

1. Sequences are infinite lists of numbers defined by a for-
mula of the n'? term, like (27) = (1,2,4,8...) or recur-
sively: Fo =0,Fy =1, F,,19 = Fy,11 + F,, (Fibonacci)

2. Sequence (ay) of real numbers converges to a limit
leRifVe >03N : |a, —I| <eforaln>N.If
it converges, then lim a, =1{ or a,, — [. All constant
sequences converge?ﬁOO

3. Combination Rules for Convergent Sequences
Convergent sequences a, — «, b, — 5, ¢, — 7, then:

Sum rule ap + by — a+f

Scalar multiple rule Aa, — Ao (for A € R)

Product rule anb, — af

Reciprocal rule 1/a, — 1/a (a#0)

Quotient rule bn/an — B/a (a#0)

Hybrid rule bnen/an — By/a (a #0)
4. Sequence a, is bounded above if 3UVn : a, < U,

bounded below dL.Vn : a, > L, and is bounded
if such U, L exist. A sequence a, is increasing if
Vn : apy1 > ay, and decreasing if Vn :
Subsequence of a sequence is obtained by deleting
some terms.

Gnt1 < Qp.

5. Basic properties of convergent sequences
1) A convergent sequence has a unique limit
2) a, — [, then every subseq. of (a,) also conv. to [
3) If ap, — [ then |a,| = 1. | Squeeze rule |
4) ap, = I ANby, — l and Vn : ay, < ¢, < by, then ¢, — [
5) Conv. seq. is bounded: 3B > 0.Vn: —B <a, < B
6) Any increasing sequence, bounded above and de-
creasing seq. bounded below, converges.

6. Sequence (a,,) diverges to infinity if VK € R.IN|n >
N = a, > K. If it does diverge, we write a,, — co. A
non-convergent, non-divergent sequence oscillates.

7. Basic Convergent Sequences
1
1) lim — =0

n—oo NP

for any p > 0

for any ¢ with |¢] < 1

3) lim /" =1 for any ¢ > 0
n—oo
4) li_)m nPc® =0 forp >0 and |c] < 1
n—oo
Cn
5) lim — =0 for any c € R
oo 1
n—oo M.
(6) lim (1 + E)n =e¢ forany ceR
n—00 n

Recurrences

1. Recurrence is a rule which defines each term of a se-
quence using the preceding terms.

2. Linear recurrences with constant coefficients of the
form: z, + a1xp_1 + ... + aprp_r = f(n), (a:
stant, f: function). If values of first k terms are given,
then it’s a unique sequence (z,). Homogeneous re-
currence: Vn : f(n) = 0.

con-

3. General solution of recurrence x,, + ax,_1 + bxr,_o =0
when b = 0 is: z, = A" A. And its Auxiliary equation
is: A2 +aX + b =0. Let A\, A2 be its roots.

If A\ # A2 then z, = AN} + BAY
If A1 = Ao then z,, = AN} + Bn\j
Use first 2 terms to find A, B by substitution.

4. Non-homogeneous recurrence:
(1) Find general solution z,, = h,, of homogeneous re-
currence (=0),
(2) Find any particular solution x,, = p,, of the original
recurrence (= f(n) (replace z, with a polynomial of
degree of f(n), like z, = Cn+ D)
(3) General solution will be z,, = hy, + py.



Series

1.

Series ) a,. is a pair of sequences consisting of (a,) —
sequence of terms, and (sy,) = ag+. ..+ a, — sequence
of partial sums.

. If (sp,) of partial sums converges to s, then series ) a,

converges to the sum s: Y 7 ja, = s, diverges other-
wise. Try to simplify the expression for a,,, then find s,,,
and usually subtract one from another to end up with
an easy solution, and take a limit of that expression to
find the answer.

. Sum Rule:

S an — aand Y. b, — 8 then > (a, + by) — (a+ B)
Multiple Rule:

if Y a, - aand X € R, then > A\a, — A«

Other rules:

If series Y a, converges, then sequence (a,) — 0

If series > |ay| converges, then > a, also converges.

. Comparison Test: Suppose Vn : 0 < a,, < by, then

if > by, converges then so does ) ay,
if Y a,, diverges then so does > b,

. Ratio Test: if |“2*[ — L then

if 0 < L <1 then ) a, converges
if L > 1 or L = oo then series ) a,, diverges
if L = 1 then test is inconclusive.

. Basic Convergent Series

(1) Y02 o r™ = & for any r with |r| < 1.

(2)The series ) nik converges for any k > 1.

(3)The series S nFr™ converges for k > 0 and |r| < 1.
(4)3°00 ) & = e for any ¢ € R.

However, > nik diverges Vk <1

. Power Series of form ) a,z" for n > 0.

Lemma: If > a,R" converges for some R > 0, then
>~ anz™ converges V|z| < R

. R > 0 is radius of convergence of ) a,z™ if this

power series converges V|z| < R and diverges for
V|z| > R. If series converges Vz then R = co. Ra-
dius of convergence defines function f : (—R,R) — R
given by f(z) = Y 2 apz™ Yz € (=R, R). Usually
find it using ratio test

1
.V:ceR:ao+%+fT22...<x<a0+%+a2+ -

9. Basic Properties of Power Series

Let f(2) = S g ana™, g(z) = S0 bua” with radii
T € (—R1,R2),a} S (—RQ,RQ) where Ry, Ry > 0 and
R= min(Rl, RQ). Then:

Equality rule:

o If f(x) =g(x) Vx € (—R, R) then a, = b,Vn

Sum rule:

o f(x) +g(x) = T2y (an + by)a”

Multiple rule:

o M(x) =307 Aapz” VAeER

Product rule:

of(z)g(x) =307 y(aobn + aiby—1 + ... + anby)z”

10. General Binomial Theorem

VgeR: (1+2)1= 3 (Z)a:” ze(-1,1)

n=0

where (q) — q(q—l).._(?_(n_l))
n

n:

11. Partial Fractions (deg of numerator > denominator)

ey = 52 T o > @ td =A@ —b)+ Bz —a)
Hence, A = L’J“d’ B = ctd
’ x—a’

s (cover up rule)
= . =b .
for any number of factors in denominator with no re-

peated factor. UNDERSTAND THIS! note 17

r—a

Decimal Representation of R

. General form of terminating decimal: .ajas - --ay

. General form of repeating decimal: .ajas - - - ambll}g .

where b is a repeating sequence of characters. To ex-

press it as a rational number:
109 — 99 102 |, 102 —

0.59102 = W+W+W+... =
_ 959 102 1

) = 100 T 105 (1—1/103)

1) 102 1 __
Giving: 155 + 19 55 = 59043/99900

59 102 1 1
100 T105 Lt 1r 15 +

_ 1
By formulaof ) " = 1.

257 -+, both
converging to x, hence approximating any real number.

. Second Order ODE particular solutions for f(z)

f(x) = e**, then form for a particular solution y:

1. y = Ae™” if « is not a root of the auxiliary equation
2. y = Axze®® if  is a non-repeated root

3. y = Az%e™ if o is a repeated root

f(x) is polynomial of degree n

1. pol of deg n if 0 is not a root of the Aux. equation
2. pol of deg n + 1 if 0 is a non-repeated root

3. pol of deg n + 2 if 0 is a repeated root

f(x) = Acosax + Bsinax
2. y = Ccosax+ Dsinax if i is not root of Aux. eq.
3. y = z(C cos ax + Dsin ax) otherwise



Part 4

Limits and Continuity

1.

ill)r(ll f(z) = I means: for every sequence (z,) in some
open interval I of R, a € [ with x,, — a,z, # a, for
all n, the sequence (f(x,)) converges to [. Note that
lim, f(z) =1 denotes a limit from left /right.

rT—ra

. Floor function |3.7| = 3, Ceiling function: [3.7] =4

— k, 1 — k + l .
1 kl X “kll X

. Combination rules for limits

If lim,—, f(z) =1 and lim,_,, g(x) = m then
sum rule limyq(f(z) +g(z)) =1+m
multiple rule lim,,, A\f(z) =X (A €R)
product rule lim,_,, f(z)g(z) =Im

1@ — L provided m # 0.

quotient rule lim, ., ) = %
Squeeze rule for limits
If flx) < g(x) < h(z)forz # a,limg., f(zx) =

[ and limg_q h(z) =1, then lim, ,, g(x) = L.

. Continuity: Let f : D C R — R. f is continu-

ous at a point a € D if lim,_,,f(z) exists and equals
f(a). And f: D — R. Includes: polynomials, rational
functions, modulus, n*® root with n > 1 € Z, trigono-
metrics, exponents, functions def. by power series

. If f, g continuous at a then so are:

Df+g; AN ER); 3)fg; 4L 5)If f cont. at
a and g cont. at f(a) then go f is cont. at a

. Value of li_r}n f(z) doesn’t depend of f(a), so can exist

when f(a) doesn’t.

. Intermediate Value Theorem: If f : [a,0] — R

cont. and f(a), f(b) have opposite signs, then Jc €
(a,b)|f(c) = 0. (The function will have to cross x-axis)

. Extreme Value Theorem: If f : [a,b] — R cont.

then Im, M € [a,b].Vz € [a,b]|f(m) < f(x) < f(M).
(Continous function defined on a closed bounded in-
terval has a minimum and a maximum points). Min-
imum point would be: Vz € [a,b]|f(x) > f(m), and
maximum: f(z) < f(m).

Integration

1. Integration is defined as the area of the region

bounded by m, = glb, M, = lub of {f(z)|x,—1 <
x <z}, so my < f(z) < MyVa,—1 < x < x,, so the
area between x,_1,x, is between (x, — z,_1)m, and
(xy — xp—1)M,. To find area between a,b: sum contri-
butions from all such sub-intervals.

. For each patition P = {zo,...,x,}of[a,b] def. lower

sum L(f,P) = >."_,(zr — xy—1)m, and uppoer sum
U(f,P): same but M,. If there is a unique number
L(f,P) < A <U(f,P) then f is integrable over [a, b]
and A is the definite integral (area under the graph),
denoted by A = [* f(x)dx.

. Properties of definite integrals:

Sum rule: ff((f(x) +g(x))dzr = f: f(x)dx—i—ffg(x)dm
Multiple rule: [*Af(z)dz = A [° f(z)dx
Transitivity?: [ f(z)dz = fab f(@)dz + [ f(z)dx
Get ratioed: f(z) < g(z) — ff f(z)dx < ffg(x)d:n

. First Fundamental Theorem of Calculus

f i [a,b] — R integrable, F': [a,b] — R such that:
F(x) = [ f(t)dt. If f continuous at ¢ € (a,b) then F
differentiable at ¢ and F'(c) = f(c)

. Second Fundamental Theorem of Calculus

f i [a,b] = R continuous, F differentiable with F’' = f,
then f; f(z)dx = F(x)|® = F(b) — F(a).
Alternatively: [ f(z)dz = F(z) + ¢ for constant c.

. DON'T FORGET THE CONSTANT c

Second Order ODEs

1. Second order ODE: ay” + by’ + cy = f(x) where

a,b,c are constants. When f(x) = 0, then the equa-
tion is Homogeneous: y = P(x) is a particular so-
lution, y = H(x) is general solution at f(x) = 0, then
y = H(x) 4+ P(x) is general sol. of ay”+by'+cy = f(x)

. Auxiliary equation has form aA? + b\ +c =0

1. A\l # Xy € R, then y = AeM® + Be2®

2. A\ = Ay € R, then y = (A + Bx)el®

3. A, A2 € C, then y = e**(Acos S+ Bsin fx), where
AL, Ao = at1i8 so y1 = e** cos fx, yo = e*Fsin fx



Differentiation

1.

10. Rolle’s Theorem:

. Turning Points: If Vz : f(x)

Real function f : A — B is differentiable at a € A
if 3 lim W = lim w and differentiable if

T—a h—0
true for all a € A. Also denoted as: f/(z) = L f(z) in

Leibniz notation

. Theorem: If f is differentiable at a then f is contin-

uous at a.

. Combination Rules for Derivatives

Sum rule: (f+g) =f+¢

Multiple rule: (Af) = Af’

Product rule: (fg)' = fg' + f'g

Quotient rule: (5)’ = %

Chain rule (go f) (x) = ¢/ (f(x)) f'(x) = & = 9 x &=
They are all differentiable if f, g are. Also, trig rules:

(sinz) =cosxz (cosz) (tanz) = —L

= —sinz = —
COS“ X

I (apa™) is a power s series with radius of conv. R,

then function f(z )

f'(x) = E nana"”

Z anz”™ (—R < z < R), then

. Exponential function can be defined as the sum of a

o0
. n
power series: e = ) Z:Vx € R. Hence, d%ex =e”
n=0

. Partial Derivative of a function f(z,y) of indepen-

dent variables z,y comes from differentiating f(x,y)
with respect to one of the variables, while holding
the other constant. So, if f(z,y) = 22 + 8y then
9/ @) éﬁ’y) = 2z, and 9f(z.y) (%Z’y) = 8. Often write % = f

< f(a) then f has a lo-
cal maximum at a, and if Vz : f(z) > f(a) - a local
minimum at a. Both are called turning points of f.

. Turning Point Theorem: If a differentiable function

f has a turning point at a then f/(a) = 0.

. Point a where f’(a) = 0 is a stationary point of f,

and it need not be a turning point. If it’s not, then it’s
a point of inflection. To locate maxima, minima:
consider only stationary points and the end points.

If f: [a,b] - R is continu-
ous, differentiable on (a,b) and f(a) = f(b), then
Jde € (a,b)|f'(c) = 0. (There has to be a turning point
between them if the function returns to the same value)

14. L’Hépital’s Rule: Suppose f(z) = g(x) = 0, then
)

18. Differentiation of inverse functions:

11. Mean Value Theorem: If f cont. on [a,b] and dif-

J)=f(a)

ferentiable on (a,b), then 3¢ € (a,b)|f'(c) =
(its gradient is parallel to the line joining a, b)

__ gradientis [ (c)

S i}
- gradient is (f(b)-fla))/(b-a)

S

12.If f cont. on [a,b], diff. on (a,b), then:

1. f'(x) = 0 Vx € (a,b) — f constant on [a,b], or
f'(x) > 0 — increasing, f'(z) < 0 — decreasing.

2.  Second Derivative Test: Suppose f'(c¢) = 0,
then if f”(¢) > 0 then f has a local minimum at ¢, if
f"(¢) <0, then a local maximum.

13. Function F is an indefinite integral of f if F/ = f.

Any two indefinite integrals of f can differ only by a
constant ¢ = G(z) — F(x)

f(z) [ f(z)

if lim exists then so does lim = lim ,
z—a g(x) z—a 9 () T—a g(z)
NOT (ﬁ)’ If L’Hopital’s doesn’t work on the first

9(x)
try, do it again with f”(x), ¢"(x)

15. Implicit functions of = are defined by an equa-

tion relating z and some other variable. Differenti-
ate as normal, when deriving the other variable, use
chain rule (insert %). E.g. 22+ y? =5, find f/, so

242y P =0= P =2

16. Function f: A — B is

Surjective: Yy € B.3z € A|f(z) =

Injective: Vz,y € A.f(z) = f(y) - x =y and
Bijective: Vy € B3z € A|f(x) =y, or iff it has in-
verse function f~1: B — As.t. f~l(y ) r=f(x)=y

17. Can make f bijective by considering subsets of do-

main/subdomain, hence if f : A — B is inj. and has
range C' then f : A — C bij. hence there is inverse
f~':C — A. Continuity of inverse functions: If
f :]a,b] — R is continuous injective function, then
inverse f~!: C' — [a,b] is also cont.

Let f

[a,b] — R a continuous function, if f differentiable on
(a,b) and is strictly increasing/decreasing then f has
an inverse f which is differentiable. If y = f(z) then

— _d
(f 1), f/(g;) y dy}dx

19. Derivatives of inverses of trigonometric f:

arctan’ =

arccos’ =

T | -1 1
arcsin’ = ——=— ] 22

write f(z) =y, find derivative fj%, then find %



Logarithms and Exponents

1.

. Fora >0,z e R, a”

Logarithm logz = f * 1dt which exists since inte-
grand () continuous on mterval between (1,x) Yz > 0

. Properties of logarithm:

log(1) =0

Log is strictly increasing x<y—logx <logy
Log is differentiable -4 I logx = 1 Ve >0
log(zy) = log(x) + log(y) Vz,y > 0

log(z/y) = logz —logy

Function log : (0,00) — R is bijective.

Sk W=

. Exponential: Since log : (0,00) — R bijective, it has

inverse function exp : R — (0,00). So y = exp(z) =
x=logy (reR,y>0)

. Properties of exponents:

1. exp(z + y) = exp(z) exp(y)

2. exp is differentiable % exp(z) = exp(x), exp(0) =1
3. exp(x) = lim;, 00 (1 + %)n

4. exp(x) =307 o

. Vx € R define e* = exp(x), then e*t¥ = e%e¥ Vz,y € R

v defy zloga then Va,b > 0,2,y € R:

1.(ab)* = a™b*® 2.a%a¥ = a”"“‘y 3.(a")¥ = a™ = (a¥)*

. Change of base: logyz = 52 (b # 1), hence:

logb
y=logyx = logx =ylogh = x=1VY

Taylor’s theorem

1.

. Th(z) =ao+... +an(r—a)” where a; =

Let f be an (n + 1)-times differentiable function on an
open interval containing points ¢ and x. Then:

")(q
f(z) = f(a)+f’(a)(x—a)+...—|—f n'( )(:r—a)”+Rn(3:)

e,
(n - 1()') (I - CL) +1

Ry(z) =
for ¢ between a, z.

W is called
the Taylor polynomial of degree n of f at a. It’s
a polynomial which approximates function f in some
interval containing a, and the error in approx. is given
by remainder term R, (z).

. Since lim,,_, Ry (x) = 0, better approximation, called

Taylor series for f:

() (q
1) =3 Dy
n=0

. When n = 0, Taylor’s theorem reduces to Mean Value

Theorem, which is a consequence of Rolle’s theorem.

. When first n — 1 derivatives vanish at a, then by Tay-

lor’s theorem: f(z)— f(a) = Ryp—1(z) = %(w—a)",
which helps prove the following statement (6).

6. nt? derivative test for nature of station. points
Suppose f has stationary point at a, and f'(a) = --- =
f=1(a) = 0, but f(® £ 0, so if f(® continuous, then
1. n even, f(™(a) > 0: f has local minimum at a.

2. n even, f(a) < 0: f has local maximum at a.
3. n odd: f has point of inflection at a.

7. Maclaurin Series: Take a = 0 in Taylor’s theorem
results in:

. f(n) (n+1)
- Z ! (0)$n, Ry (x) = i C) "t
—nl (n+1)!

with f©(0) = £(0), so to ﬁnd those series just replace
f with your function: e* 0, +4+ 5 = =3 %

First Order ODEs

1. Ordinary differential equation (ODE) is an equa-
tion containing derivatives of a a function of a single
variable: ¢y = 4z 3" + 4y = x etc. Order of diff. eq.
is that of the highest derivative it contains, so above
equations have order of 1 (y') and 2 (y").

2. General solution contains n arbitrary constants,
particular solution doesn’t contain any. vy = 4z =
[y'dy = [4xdr = y =22+ c (general sol.), y =
222 + 2 (particular sol.) if y = 4 when z = 1

3. Separable Equatlons is ODE of form: Z—y =

f(@)g(y) = 8 = fl@) = [ mdy = [ f(=)
solving which will give a solutlon Remember the

constant c, can separate % e.g. gg =1l=dy=dzx

4. Homogeneous Equations is ODE of form d—y =
f(y/x). Let v =y/x = y = zv, then %(xv) = f(v) =

x% +v = f(v) = g—g = f(vg_v, Which is separable.
Remember %(XV) (xv) =v+ X& (chain rule).

5. Linear Equations is ODE of form dy +P(z)y = Q(x)
Take Q(x) = 0, which gives y = e~ JP@)dr eq
Integrating factor I(z) = e/ P@d st yI(z) = 1.
Differential -L1(z) = I(z)P(x). Multiply both bideb of
original equation by I(z) to get: yI(z) = [Q(x
(general solution), or substitute known values to get
particular solution (get rid of ¢).




